We study the behaviour of surface waves propagating along the ionopause of the planet Mars and derive the onset criteria for unstable KelvinHelmholtz modes and negative energy waves at the Martian ionopause. Growth rate of unstable KelvinHelmholtz mode decreases with wavelength. The backward propagating waves became negative energy waves for the ionosheath velocity higher than critical velocity. It is found that short wavelength surface waves propagating along the Martian ionopause are less dispersive than long waves.
Introduction
The rst observation of the planet Mars by means of a primitive telescope was made by Galileo Galilei in 1610 [1] . With gradual improvement of spatial resolution of telescopes, more details about motion and appearance of the planet were reported subsequently. Among others, the south pole was perceived rst by Huyghens in 1672 and two Martian satellites were discovered in August 1877 by Asaph Hall. A map of the surface of Mars was sketched the same year by Nathaniel Green.
The second half of the twentieth century brought new possibilities in situ observations of the planet via spacecrafts. In the late fties, the satellites Luna-1 and Luna-2 discovered the solar wind [2] , whose model was proposed by Parker [3] on the basis of his own and Biermann's
[46] studies. Parker [3] opened a new era of research on the solar wind interaction with space bodies, in which the static picture of the Sun, with no solar particle emission, was replaced by the dynamic scenario. As a result of this research a plurality of phenomena associated with the existence of the solar wind were discovered. At this time, understanding of solar wind and its interaction with planets, comets and other bodies, became Rosetta stones of space physics [7, 8] .
Mars is a planetary body that interacts with the solar wind in a peculiar way. In contrast to most of planets of the Solar System (Earth, Jupiter, Saturn, Neptune, or Uranus) that have an internal magnetic eld, Mars has no global intrinsic magnetic eld that would protect its gaseous environment. As a result of that, the solar wind interacts directly with the Martian environment.
A bow shock formation, magnetic eld draping, ion pick--up, mass-loading, boundary formation, ionopause formation and generation of the magnetotail, are examples of phenomena that compose the complex description of this interaction [9] . These theoretical ndings of the solar wind interaction with Mars were veried by many spacecrafts which were sent towards the planet. Among others, the Soviet Mars-3 mission was successful in 1973 in nding a bow shock and a thick tail with a surrounding boundary layer containing traces of picked-up ions [10] .
These ndings were later conrmed by Phobos 2 [11] .
A great impact on the Martian solar wind interaction studies was exerted by the Mars Global Surveyor mission (initiated in 1999). A large amount of data collected by this mission [12] stimulated a number of numerical simulations. For instance, Shinagawa [13] developed the two--dimensional (2D) magnetohydrodynamic model to analyse the electron mass density prole vs. the solar wind gas pressure [13] . He studied inuence of the Martian crustal magnetic eld by comparing the electron mass density proles of Venus and Mars. On the other hand, Ma [14] showed in her multi-species model of the solar wind interaction with Mars that the crustal magnetic eld exerts a small eect on the bow shock distortion. Shinagawa [15] described dynamics and structures of Martian and Venusian ionospheres controlled by the solar wind and reviewed the observations and theoretical studies of these ionospheres. A loss of planetary particles caused by the solar wind is also an important issue [16, 17] . Ion escape uxes from Mars were a subject of numerical studies in the frame of 3D multi-species model, in which dierent solar wind conditions resulting from the solar cycle were discussed [18] .
Observational ndings indicate that wave-like structures and instabilities arise at the Martian ionopause [19] .
The goal of this paper is to study the ionopause waves and investigate generation of the KelvinHelmholtz (KH) and negative energy waves (NEW) instabilities, in order to describe the characteristic properties of plasma evolution at the ionopause. This paper is structured as follows. In Sect. 2, our 2D hydrodynamic model of plasma is presented. In the following part of the draft, we derive a dierential equation 
Physical model
We consider the ionosphere of Mars in the 2D reference frame of which the x-axis is directed nightward along the (156) ionopause and the z-axis points to the centre of Mars (Fig. 1) . We assume that the system is invariant along the y-direction, ∂/∂y = 0, and the y-component of velocity is set to zero, v y = 0. We discuss a region around the terminator plane, in which the ionosheath plasma velocity is essentially parallel to the x-axis and treat the interface as a strictly denite border between two distinct environments, namely the ionosheath and ionospheric plasma. The uniform gravity eld, g = 3 m s −2 , is pointing inward the planet along the z-axis. We also assume that the plasma is magnetic eld-free and incompressible (∇·v = 0). The former assumption is quite restrictive, but it gives a realistic approximation of plasma behaviour at the ionopause, where magnetic eld is negligibly small [13] . The later assumption complies well with surface gravity waves which are essentially incompressible, e.g. Murawski [20] . (4) of Wang and Nielsen, [21] ) governing the motion of the plasma. As a result, we focus on hydrodynamic aspects of plasma behaviour, leaving a magnetic eld case for future studies. We believe that our model is suitable to the ionopause at the terminator region where a presence of essentially horizontal magnetic eld can be neglected in a rst approximation, for which our model is constructed.
Applying the above introduced assumptions, we model the ionopause waves by the incompressible Euler equa-
Our model introduces two separate uids demarcated by the interface, z = 0 (Fig. 1) . The ionosheath plasma, which ows with its speed v 0 = v 0 (z)x, occupies the region, z < 0, and is denoted by index 1. The ionosphere is present below the ionosheath plasma whose quantities are denoted by the index 2.
The equilibrium gas pressure, p 0 , varies with z, p 0 = p 0 (z), according to the hydrostatic condition,
while the equilibrium mass density, ρ 0 (z), is constant in the top and bottom media, experiencing a jump at z = η(x, t). Boundary conditions at the perturbed interface, z = η(x, t), are established by setting
Here p 1 (p 2 ) is evaluated in the top (bottom) medium.
The assumption that the time rate of change of the surface in the frame of reference moving with the uid with velocity v equals zero leads to ∂ζ ∂t
where
The above equation supplements the boundary condition (5) and allows only the motion of uid along the perturbed interface.
Wave equations for surface waves
We consider small amplitude perturbations δv x , δv z , δp around the equilibrium, such as
Let us note that as a result of the incompressibility assumption mass density remains unperturbed. From Eq. (2) after dropping small terms and symbol δ, we get ∂v ∂t
. The x-component of this equation attains the form
Similarly, from the z-component we get ∂v z ∂t
As a result of the incompressibility condition, ∇·v = 0, the plasma can be described by the velocity ux function,
In the ux function notation we rewrite Eqs. (9) and (10) as
Using the Taylor expansion
in Eqs. (5) and (6), we obtain
Equations (12) and (13) supplemented by the boundary conditions (15) and (16) consist the fundamental system for our problem. We consider now sinusoidal perturbations propagating along the x-direction, f (x, t) ∼ e i (kx−ωt) .
Here f (x, t) corresponds to a perturbed quantity, k is a wave number, and ω denotes the cyclic frequency.
Substituting Eq. (17) into Eqs. (9), (10), (15) and (16),
Hence we obtain
Combining Eqs. (18) and (19), we get Taylor Goldstein equation [22] 
This equation describes the behaviour of small amplitude surface gravity waves which experience a resonant absorption at the altitude dened by the condition ω/k = v 0 (z).
Dispersive curves for owing plasma
For simplicity reasons, we assume that the ionosheath plasma velocity is constant, v 0 (z) = const. Then, from TaylorGoldstein Eq. (24) we get
After substitution of the above expressions into Eqs. (22) and (23) we obtain the following quadratic dispersion relation in ω:
Here the symbol κ denotes the ratio of mass densities κ = 10 20 .
We nd two roots of Eq. (21)
Here we consider k to be real and positive, while ω can be imaginary with a positive (negative) real part corresponding to waves propagating into the positive (negative) x-direction. In the case of still medium (v 0 = 0),
we recover the result of Murawski [20] , that is
where ω + (ω − ) corresponds to rightwardly (leftwardly)
propagating waves.
For v 0 = 0 we study the inuence of the ionosheath plasma ow on the wave period, P = 2π/|Re(ω)|, where Re(ω) denotes a real part of ω. We illustrate wave period, P , as a function of the wavelength, λ = 2π/k, for v 0 = 100 km s −1 and κ = 10 rameters. Small dispatches in P between ω + and ω − are discernible for long wavelength waves. Figure 2 (bottom part) shows the dependence of P on v 0 . Notice that wave periods corresponding to ω + and ω − do not dier signicantly. It can be seen that wave period for both frequencies ω + and ω − decreases with ow velocity and falls o to zero in the limit v 0 → ∞. Phase speed ω/k experiences modications for dierent values of λ (Fig. 3, top part) , and v 0 (Fig. 3, bot- tom part). In Fig. 3 We now study the dispersion of surface waves at the ionopause. The wave dispersion is dened as:
As k approaches zero, the dispersion tends to innity
Hence, we infer that innity long waves are innitely dispersive. On the other hand, the dispersion tends to zero, while the wave number approaches innity
So, innitely short waves are non-dispersive. The wave dispersion is plotted with the use of Eq. (30) vs. wavelength, λ, in Fig. 4 (top part) . We infer that short wavelength surface waves propagating along the Martian ionopause are less dispersive than longer waves. These 
KelvinHelmholtz instabilities
KelvinHelmholtz instabilities (KHI) occur for a sufciently large gradient ow [24] . In a Martian case, we have gradient in velocity between ionosheath and ionospheric plasma.
Occurrence of KHI is an important phenomenon, because it contributes to loss of planetary ions [25] . Penz et al. [17] showed that atmospheric ions loss is caused by KHI occurring at equatorial anks of the terminator plane. For these instabilities, the term under the square root in Eq. (28) must be negative [26] ,
As a result of that ω attains a non-zero imaginary part ω i = Im(ω i ). From Eq. (33) it follows that the KHI are present if the ow exceeds the threshold Variation of growth rate ω i of unstable Kelvin Helmholtz mode with wavelength λ is shown in Fig. 4 (bottom part). Let us notice that as ω i declines with λ we infer that short wavelength waves are more prone for KH instabilities than longer ones. Detailed study showing variation of growth rate depending on parameters like mass density ratio and velocity was investigated by Amerstorfer et al. [27, 28] depending on plasma parameters.
Negative energy waves instabilities
The negative energy waves (NEW) are associated with the presence of backward waves [24] . Amplitude of NEW grows, while the total energy of the system is decreased.
This growth results from dissipative eects, while the system tries to reduce its energy and thus leading to amplitude growth. Because of energy transfer from the steady ow to NEW, the law of the energy conservation is satised [24] . To determine whether waves are NEW, we use the criterion introduced by Cairns [29] , i.e.
Here, the symbol D ± denotes the dispersion relation, which is multiplied by a ± = ±1. A value of a + has to be determined from the condition C + > 0 for v 0 = 0 [24] . As a result for ω = ω + (ω = ω − ) we have a + = 1 (a − = −1).
For our problem it can be expressed in the following form:
If the value of C ± is negative, waves are NEW. We nd
We consider rst the positive frequency, ω + , of Eq. (28) for that the Cairns condition becomes
Usually NEW are present for ow velocities v 0 lower than the KelvinHelmholtz threshold velocity [24] . It means that square root in Eq. (38) must be positive
and the Cairns condition gives then
As this equation is never satised for k > 0 and v 0 > 0 we infer that there are no NEW for the rightwardly propagating waves.
On the other hand, for the leftwardly propagating waves with ω − , given by Eqs. (28)(35), we have 
The backward propagating waves become NEW for values of the ionosheath velocity higher than v c . Variation of critical velocity for NEW, v c , with wavelength, λ, is displayed in Fig. 5 (bottom part), which reveals that v c increases with λ.
Summary
In this paper we discussed the problem of the surface wave propagation along the ionopause of Mars and de-rived the conditions under which the KelvinHelmholtz instabilities and negative energy waves arise due to ionosheath plasma ow. In the two-dimensional model that we originally developed to describe a perturbed interface, we considered the region around the terminator plane. We implied such equilibrium for which the ionosheath medium ows parallel to the ionopause but uid remains still (v = 0) below the interface. For such conditions, we obtained the dispersion relation for surface waves, which was illustrated for the realistic set of uid parameters. We estimated wave period, phase speed, dispersion and critical ow velocities which result in instabilities seeded by ionosheath plasma ow. Our investigation of the dispersion relation showed that waves in this region are weakly dispersive and they are unstable for suciently short wavelengths. Our analysis leads to a conclusion that the KelvinHelmholtz instabilities and negative energy waves could occur even for relatively low ow velocities.
